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The multiritial behavior at the Nishimori point of two-dimensional Ising spin glasses is investi-
gated by using numerial transfer-matrix methods to alulate probability distributions P (C) and
assoiated moments of spin-spin orrelation funtions C on strips. The angular dependene of the
shape of orrelation funtion distributions P (C) provides a stringent test of how well they obey pre-
ditions of onformal invariane; and an even symmetry of (1 − C)P (C) reets the onsequenes
of the Ising spin-glass gauge (Nishimori) symmetry. We show that onformal invariane is obeyed
in its stritest form, and the assoiated saling of the moments of the distribution is examined, in
order to assess the validity of a reent onjeture on the exat loalization of the Nishimori point.
Power law divergenes of P (C) are observed near C = 1 and C = 0, in partial aord with a simple
saling sheme whih preserves the gauge symmetry.
PACS numbers: PACS numbers: 05.50.+q, 75.50.Lk
I. INTRODUCTION
Investigation of the ritial behavior of mag-
neti systems is usually made harder, ompared to
the translationally-invariant ase, when one onsiders
quenhed disorder. This is beause one gets inherent,
randomness-indued, utuations in experimentally or
numerially measurable quantities, whose eets are of-
ten diult to separate from those of purely thermal ori-
gin, or onneted with nite-size saling and rossover
phenomena. Therefore, redoubled interest is attrated
when exat results (either rigorously proved or onje-
tured) are put forward in the ontext of disordered spin
systems. Suitable tests an then be devised in whih,
by taking advantage of the proposed exat relationships,
one attempts to provide a learer physial piture of the
problem at hand.
Here we study two-dimensional ±J Ising spin glasses,
i.e. Ising spins interating via nearest-neighbor bonds
of the same strength and random sign. While no spin-
glass ordering arises at T 6= 0 for equal onentrations
of ferro (p) and antiferromagneti (1− p) bonds, in the
asymmetri ase p 6= 1/2 one an have long-range order
for suitably low onentrations of frustrated plaquettes.
Aordingly, for p not far from unity a ritial line on the
T − p plane separates paramagneti and ferromagneti
phases.
A number of exat results have been derived along a
speial line in the T −p plane, the Nishimori line1,2; also,
the exat loation of a multiritial point, the Nishimori
point, believed to be at the intersetion of the ritial
boundary with the Nishimori line, has been predited
3,4
.
In this paper, we investigate the multiritial behavior
at the Nishimori point. We use numerial transfer-matrix
methods to alulate probability distributions and asso-
iated moments of spin-spin orrelation funtions, and
try to asertain whether their properties may reet on-
straints imposed by onformal invariane requirements.
In setion II we reall some exat statements and nu-
merial results, pertaining to the Nishimori line and the
loation of the Nishimori point. In setion III, we de-
sribe the numerial tehniques to be used, and provide
a test of their orretness by performing alulations on
speial unfrustrated systems. In setion IV, we display
and analyse results from numerial alulations of orre-
lation funtions on strips, onentrating on the shape and
properties of the orresponding distributions, espeially
as regards: (i) orrelation-funtion equalities stemming
from the gauge symmetry obeyed by Ising spin glasses,
and (ii) onformal-invariane requirements. Setion V is
dediated to an approximate saling sheme whih pre-
serves some of the essential symmetries obeyed along the
Nishimori line. Finally, in setion VI, onluding remarks
are made.
II. ±J ISING SPIN GLASSES
We onsider Ising spin1/2 variables on sites of a
square lattie, with ouplings between nearest-neighbors
i and j drawn from the binary distribution:
P (Jij) = p δ(Jij − J0) + (1− p) δ(Jij + J0) . (1)
The Nishimori line (NL) is dened by the following rela-
tionship between temperature T and positivebond on-
entration p:
e−2J0/T =
1− p
p
(Nishimori line, p >
1
2
) . (2)
2Along this line, the ongurationally-averaged internal
energy is analyti and an be alulated in losed form
1
.
Also, a number of exat relationships holds between mo-
ments of orrelation funtion distributions, as well as be-
tween order parameters and their derivatives. Of partiu-
lar interest here will be the following property, whih has
been shown to hold on the NL, for orrelation funtions
between Ising spins σi, σj
1,2,5,6
:[
C
(2ℓ+1)
ij
]
≡ [〈σiσj〉2ℓ+1] = [C (2ℓ+2)ij ] ≡ [〈σiσj〉2ℓ+2] ,
(3)
where angled brakets denote the usual thermal average,
square brakets stand for ongurational averages over
disorder, and ℓ = 0, 1, 2, . . . .
It is widely believed that, within the ordered phase, the
NL separates a high-temperature region, dominated es-
sentially by pure-system behavior, from one where zero
T eets play the leading role. A doubly-unstable (mul-
tiritial) xed point is then expeted to exist on the
ferroparamagneti phase boundary. It was argued
7
that
the loation of this, also known as Nishimori point (NP),
should oinide with the intersetion between the riti-
al boundary and the NL. We shall take this view in the
following.
Reently it was predited
3,4
that, on a square lattie,
the NP should belong to a subspae of the T − p plane
whih is invariant under ertain duality transformations.
For ±J Ising systems, the invariant subspae is given
by
3,4
:
p log(1+e−2J0/T )+(1−p) log(1+e2J0/T ) = 1
2
log 2 . (4)
The NP is thus predited to be at the intersetion of
Eqs. (2) and (4), namely p = 0.889972 · · · , T/J0 =
0.956729 · · · . This agrees well (though, in some ases,
it is slightly outside estimated error bars) with avail-
able numerial results, from whih p is given respe-
tively as: 0.886(3) (series)8, 0.894(2) (zero-T alu-
lations, assuming the phase boundary to fall verti-
ally from the NP)
9
; ≃ 0.885 (exat ombinatorial
work)
10
; 0.8905(5) (transfer-matrix saling of orrela-
tion lengths)
11
; 0.8906(2) (transfer-matrix saling of
domain-wall energies)
12
; 0.8907(2) (mapping into a net-
work model for disordered non-interating fermions, via
transfer-matrix)
13
; 0.8894(9) (Monte-Carlo analysis of
non-equilibrium relaxation)
14
.
Though the pure-system ritial point also belongs to
the subspae given by Eq. (4), it is known
3
that inter-
preting that equation as the exat form of the ritial
boundary (at least above the NP) brings problems of its
own. Indeed, at p = 1, the redued slope of the phase
diagram is predited
15
to be exatly:
1
Tc
dTc
dp
∣∣∣
p=1
=
2
√
2
ln(
√
2 + 1)
= 3.2091 · · · . (5)
While numerial transfer-matrix alulations are in good
agreement with this, giving respetively 3.25(11)11 and
3.23(3)13, Eq. (4) yields 2 +
√
2 = 3.4142 · · · , 6.4% in
exess of Eq. (5). Suh disrepany is to be ompared
to the disagreement between the above predition for the
NP and the various entral estimates quoted there, whih
never exeeds 0.5% on either side.
Thus, although the onjetured loation of the NP (to
be referred to as CNP) given by Eqs. (2) and (4) may turn
out not to be exat, it is ertainly a good approximation,
and will be taken as the starting point in what follows.
On the other hand, onformal invariane properties
16
are known to hold at the ritial point of pure two-
dimensional magnets, and evidene has been provided
that they are present in random systems (at least, unfrus-
trated ones) as well, namely: random-bond Ising
17,18,19
,
random-bond q-state Potts models20, and random trans-
verse Ising hains at T = 0 (equivalent to the two-
dimensional MCoy-Wu model)
21
. As regards the two-
dimensional Ising spin glass, early attempts to ap-
ply onformal invariane ideas at the NP
11
were un-
dertaken in the ontext of testing whether the ferro
paramagneti transition was in the same universality
lass as random perolation, as suggested by series work
8
.
While extrapolation of the uniform zero-eld susepti-
bility gave the exponent ratio γ/ν = 1.80(2), onsis-
tent with (γ/ν)p = 43/24 = 1.7917 · · · of perolation,
the exponent-amplitude relation
22 L/πξL = η (ξL is the
orrelation length on a strip of width L, at ritiality)
gave η = 0.182(5), thus exluding the perolation value
ηp = 5/24 = 0.208333 · · · . However, it must be noted
that the alulated values of γ/ν and η are not mutually
exludent, via the saling relation γ/ν = 2 − η. This
indiates that a reanalysis of the validity of onformal
invariane at the NP is in order (though the onnetion
to perolation an probably be ruled out, as shown by
later numerial data
12,13
). Also, one an devise more
stringent tests of onformal invariane requirements than
that given by the exponent-amplitude relation. Indeed,
the orrelation length entering that relation is the single
parameter governing the asymptoti (exponential) deay
of orrelations, whereas for short distanes onformal in-
variane implies spei funtional relationships
16
. This
fat has been exploited in Ref. 12, where assorted mo-
ments of the orrelation funtion distributions were tted
to a form suggested by onformal invariane arguments,
thus enabling the extration of the orresponding expo-
nents from relatively short-range orrelation data.
Our goals here are: (1) to verify the extent to whih
the onsequenes of Eq. (3) are diretly reeted in the
probability distributions of the Cij ; and (2) to probe the
angular dependene of orrelation funtions, in order to
test whether they obey the preditions of onformal in-
variane.
III. CORRELATION FUNCTIONS ON STRIPS
We apply numerial transfer-matrix (TM) methods to
the spin1/2 Ising spin glass, on strips of a square lattie
3of width 4 ≤ L ≤ 12 sites. We have alulated orrelation
funtions Cxy between spins separated by x lattie spa-
ings along the strip, and y in the transverse diretion17,
suh that R = (x2 + y2)1/2 is typially of order L. On
aount of periodi boundary onditions aross the strip,
we need only onsider 0 ≤ y ≤ L/2. By iterating the TM
on suiently long strips, we have aumulated enough
non-overlapping samples of orrelation funtions (usually
N = 105 − 107), in order to produe lean histograms,
P (Cxy), of ourrene of Cxy. We have used a linear bin-
ning, dividing the [−1, 1] interval of variation of Cxy into
Nbin = 10
3
equal bins of width δ = 2 × 10−3. Further-
more, we have used a anonial ensemble (instead of the
usual grand-anonial sheme) for the bond distribution,
so that overall onentration utuations are kept to a
minimum.
Correlation funtions are alulated along the lines of
Setion 1.4 of Ref. 23, with standard adaptations for an
inhomogeneous system
17
. For two spins in, say, row 1,
separated by a distane R along the strip, and for a given
onguration C of bonds, one has:
〈σ10σ1R〉C =
∑
σ0σR
ψ˜(σ0)σ
1
0
(∏R−1
i=0 Ti
)
σ0σR
σ1R ψ(σR)∑
σ0σR
ψ˜(σ0)
(∏R−1
i=0 Ti
)
σ0σR
ψ(σR)
,
(6)
where σ0 ≡ {σ10 . . . σL0 } and orrespondingly for σR; the
bonds that make the transfer matries Ti belong to C. For
pure systems the 2L−omponent vetors ψ˜, ψ are deter-
mined by the boundary onditions along the strip; for
example, the hoie of dominant left and right eigenve-
tors gives the orrelation funtion in an innite system
23
.
Here, one need only be onerned with avoiding start-up
eets, sine there is no onvergene of iterated vetors.
This is done by disarding the rst few hundred iterates
of the initial vetors, v
T
0 , v0. From then on, one an
shift the dummy origin of Eq. 6 along the strip, taking
ψ˜ (ψ) to be the left (right) iterate of vT0 (v0 ) up to
the shifted origin, and aumulating the orresponding
results. In order to avoid spurious orrelations between
the dynamial variables, the respetive iterations of ψ˜
and ψ must use distint realizations of the bond distri-
bution.
The orretness of the proedures just desribed an
be heked by testing them on the ferromagneti (FM)
random-bond ase with a distribution of ouplings given
by
P (Jij) =
1
2
(δ(Jij−J0)+δ(Jij−rJ0)), 0 ≤ r ≤ 1 (FM).
(7)
In this ase, the exat ritial temperature βc = 1/kBTc
is known
24,25
to be
sinh(2βcJ0) sinh(2βcrJ0) = 1 (FM). (8)
It is known from Monte-Carlo work
26
on L × L latties,
L ≤ 1024, that the ritial orrelation funtions of the
FM random-bond model are numerially very lose to
Figure 1: Triangles: averaged orrelation funtions for FM
model at ritiality (see Eqs. (7)and (8) ). Error bars are twie
the standard deviation among three independent runs. Con-
tinuous line onnets pure-system results for innite strips,
i.e. alulated with ψ˜, ψ of Eq. (6) as the dominant left and
right eigenvetors of the TM.
those of a pure Ising system at its own ritiality; for
R/L < 1 the disrepany is always under 4%, and ap-
proahes zero as R/L→ 0.
We onsidered a strongly disordered system with r =
1/4, and alulated the averaged orrelation funtions
[〈σ0σR〉] (rst moment of the distribution) on strips of
width 4 ≤ L ≤ 16. For eah strip width we made three
independent runs, eah long enough to ollet N non-
overlapping samples of orrelation funtions for x = L/2,
y = 0 (N = 105 for L ≤ 12, 5 × 104 and 4 × 104 respe-
tively for L = 14 and 16). The results are shown in
Fig. 1, where error bars are twie the standard devia-
tion among runs
18
. One an see that the near identity
with pure-system ritial orrelations is reovered (for all
points in the Figure, entral estimates dier from their
pure-system ounterparts by less than 1%) . We onlude
that our alulational methods, in partiular the hoie
of vetors ψ˜ and ψ, are suitable for the desription of
orrelation funtions in disordered systems on strips.
IV. NUMERICAL RESULTS FOR ±J ISING
SPIN GLASS ON STRIPS
We now return to spin glasses. We rst note that the
pairing of suessive odd and even moments predited in
4Eq. (3) implies that[
C
(2ℓ+1)
ij
]
−
[
C
(2ℓ+2)
ij
]
=
=
∫ 1
−1
C
(2ℓ+1)
ij (1− Cij)P (Cij) dCij ≡ 0 .(9)
Sine this holds for any ℓ, P ′(Cxy) ≡ (1 − Cxy)P (Cxy)
must be an even funtion of Cxy, everywhere on the
NL. For the time being, we shall only onsider y =
0. Fig. 2, where results at the CNP for L = 4, 8,
and 12, (x, y) = (L/2, 0) are displayed, illustrates that
suh parity property is present, apart from small u-
tuations aused by nite-sample and binning eets.
The quantity ∆ = ∆(C) ≡ P ′(Cxy) − P ′(−Cxy) pro-
vides a quantitative measure of these deviations. With
∆k ≡ [ (Nbin/2)−1
∑1
C=0[∆(C)]
k ]1/k, we nd that: (i)
for N = 2 × 106, |∆1| ≤ 10−6 and ∆2 ≃ 2 × 10−5, on-
stant against L; and (ii) for xed L = 4 (where lattie
struture has more pronouned eets, see Fig. 2, thus
one would expet the most unfavorable environment for
measuring suh small utuations) and 104 ≤ N ≤ 107,
∆2 varies roughly as N−1/2. The latter is to be expeted
if deviations from parity arise from (randomly) inom-
plete sampling. Therefore, we an be ondent that the
property given in Eq. (3) is satised by our data, exept
for small random deviations whose origin is well under-
stood. For N = 2 × 106 samples and 4 ≤ L ≤ 12 the
quantitative eet of suh deviations on the moments of
the distribution is that, for 0 ≤ ℓ ≤ 3, Eq. (3) is satised
to within one part in 104. This holds not only for the
y = 0 data shown above, but for all relative positions
(x, y) investigated here (to be disussed below).
As regards onformal invariane, we rst reall that,
for pure Ising systems on a strip of width L with periodi
boundary onditions aross, the following result holds at
ritiality
16
:
Cpurexy ∼

 π/L(
sinh2(πx/L) + sin2(πy/L)
)1/2


η
, η = 1/4,
(10)
where the proportionality fator an be obtained from
the exat squarelattie (L,R → ∞, R ≪ L) result27,
CR = 0.703 38/R
1/4
. Though stritly speaking Eq. (10)
is an asymptoti form, we have heked that disrepanies
are already very small at short distanes: for an L =
20 strip, the largest deviation to be found between that
and numerially-alulated values is 1.3% for (x, y) =
(1, 1), while it remains below 0.5% for all other ases,
approahing zero very fast: for (x, y) = (3, 3) it is 0.2%.
The piture is the same already for smaller strip widths,
e.g. L = 10.
Turning to disordered systems, a version of Eq. (10)
was used at the NP in the strip alulations of Ref. 12.
Moments of order i = 1, 2, · · · 8 of the orrelation funtion
distribution, for y = 0 and varying x ≤ L, were numeri-
ally alulated and tted to the form Eq. (10), with the
Figure 2: Data taken at the CNP. P ′(C) ≡ (1 − C)P (C),
where P (C) is the normalized histogram of ourrene of or-
relation funtion C. Strip widths L = 4, 8 and 12 (the latter
two vertially shifted respetively by 0.002 and 0.004, to avoid
superposition); spin-spin relative positions (x = L/2, y = 0).
N = 2× 106 non-overlapping samples, for all ases.
Figure 3: Dierenes Di between symmetrized distribu-
tion funtions P ′(Cxy) − P
′(Cx′y′) ( P
′(C) ≡ (1 − C)P (C),
where P (C) is the normalized histogram of ourrene of
orrelation funtion C). D1 = P
′(C15) − P
′(C23), D2 =
P ′(C15) − P
′(C51); insert(same sale as main plot): D3 =
P ′(C23) − P
′(C32). Data taken at the CNP for strip width
L = 10, N = 2 × 106 non-overlapping samples in all ases.
Dashed horizontal lines at ±∆2 (rms deviation of P ′(C) from
parity for N as given above, see text).
5orresponding ηi to be extrated from the tting proe-
dure. For i = 1 their result is η1 = 0.1854 (error bar
estimated as ≃ 1%12), whih agrees with, and is more
aurate than, that obtained from the asymptoti deay
of orrelations, namely 0.182(5)
11
.
Here we shall try to apture variations in the orrela-
tion funtion distribution and its moments, against vari-
ations in the argument of Eq. (10), z ≡ (sinh2(πx/L) +
sin2(πy/L))1/2. As (i) the oordinates (x, y) only take
disrete values, and (ii) we have no guide as to the spei
funtional dependene of P (Cxy) on z, we shall at rst
ompare distributions orresponding to points for whih
the argument is nearly equal, in ontrast to those orre-
sponding e.g. to the same distane, but with signiantly
dierent arguments. We take L = 10 and the points
(x, y) = (1, 5), (2, 3), (3, 2) and (5, 1), for whih one has
z23/z15 = 1.001; z51/z15 = 2.1922; z32/z23 = 1.1773.
In Fig. 3 we show the dierenes between pairs of sym-
metrized distributions P ′(Cxy): D1 = P ′(C15)−P ′(C23),
D2 = P ′(C15) − P ′(C51), D3 = P ′(C23) − P ′(C32). In-
deed, the dierenes between distributions behave quali-
tatively as one would expet, should the dependene on
x and y be only through z. The horizontal lines at ±∆2
(rms deviation of P ′(C) from parity for N = 2 × 106 as
is the ase here) show that, for D1 the 0.1% dierene
in the respetive arguments of z gives rises to eets of
the same order of magnitude as those arising from eah
individual distribution's deviations from parity.
A more quantitative perspetive an be obtained by
analysing the dependene of assorted moments mi of the
distribution against z. In Fig. 4 we show odd moments
of the orrelation funtion distribution at the CNP, for
L = 10 and 1 ≤ x ≤ 3, 0 ≤ y ≤ 5. These orrespond to a
region where the argument z is strongly inuened by y,
thus it is espeially onvenient for the disussion of the
angular dependene implied in Eq. (10).
From the data displayed above, the overall onlu-
sion is that onformal invariane holds at the NP, in the
strit angle-dependent form orresponding to Eq. (10).
Note that the point (x, y) = (1, 1), z = 1.0943, for
whih the disrepany between numerially-alulated
value and asymptoti expression of orrelation funtion
is the largest for pure systems, also orresponds to the
largest deviation from least-squares tting lines in the
disordered ase.
We now turn to the question of whether the loation
of the NP, as onjetured in Refs. 3,4, may be exat. We
investigate the numerial values of the exponents η 2j+1,
as obtained from the moments of the orrelation-funtion
distribution. We have performed least-squares ts of data
for xed L = 10 with the grid of z−values shown in
Fig. 4 (heneforth alled z−ts), to the form suggested
by Eq. (10) for this ase, namely m2j+1 ∼ z−η 2j+1 . We
have sanned the NL in the immediate neighborhood of
the CNP, 0.8886 ≤ p ≤ 0.8914, so as to inlude the un-
ertainty ranges of some reent estimates for the loation
of the NP
12,13,14
. We found that the quality of ts, as
given by the orresponding hi-square, does not hange
Figure 4: Double-logarithmi plot of odd moments of
the orrelation-funtion distribution P (Cxy) against z ≡
(sinh2(pix/L) + sin2(piy/L))1/2; 1 ≤ x ≤ 3, 0 ≤ y ≤ 5.
Straight lines are unweighted least-squares ts to data. Data
taken at the CNP for strip width L = 10, N = 3 × 106 non-
overlapping samples in all ases.
Table I: Estimates of exponents η 2j+1, from least-squares
ts of averaged odd moments of orrelation-funtion distribu-
tions; z−t: data for L = 10 and 1 ≤ x ≤ 3, 0 ≤ y ≤ 5,
assuming m2j+1 ∼ z
−η 2j+1
; L = 4 − 12: data for x = L/2,
y = 0, assuming m 2j+1 ∼ L
−η 2j+1
. First and seond
olumns: data taken at the CNP. Third and fourth olumns:
pure system at ritiality. Unertainties in last quoted digits
are shown in parentheses.
CNP Pure
j z−t L = 4− 12 z−t exata
0 0.1854(17) 0.1851(20) 0.2497(24) 1/4
1 0.2556(20) 0.2573(32) 0.7528(79) 3/4
2 0.300(2) 0.298(4) 1.265(15) 5/4
3 0.334(3) 0.325(5) 1.792(27) 7/4
a
Given by onformal invariane
16
notieably along that interval. Our estimates are dis-
played in Fig. 5, where the pairs of dashed lines in the
entral region of the Figure show ranges of exponent es-
timates given in Ref. 12, namely η 2j+1 = 0.1854, 0.2561,
0.3015, 0.3354 for j = 0, 1, 2, 3 (error bars assumed to
be 1%12). One sees that the results of z−ts are losest
to those of Ref. 12 at the CNP, not at the loation of the
NP predited in that referene.
In order to infer how muh systemati error is impliit
in the z−tting proedure, we (i) performed least-squares
6Figure 5: Results of least-squares ts of odd moments of the
orrelation-funtion distribution P (Cxy) to the form Eq. (10),
with the ηi as parameters; L = 10, 1 ≤ x ≤ 3, 0 ≤ y ≤ 5,
N = 3×106 non-overlapping samples in all ases. Data taken
along the NL, parametrized by ferromagneti bond onen-
tration p. Key to symbols is the same as in Fig. 4 (bottom
to top: j = 0, 1, 2, 3). Error bars are of same order as sym-
bol sizes. Vertial arrow: loation of CNP. Heavy horizontal
lines lose to bottom show ranges of some reent estimates
for loation of NP. Long dashes: Ref. 12; full line: Ref. 13;
short dashes: Ref. 14. Pairs of dashed lines show ranges of
exponent estimates given in Ref. 12.
ts of data taken at the CNP for 4 ≤ L ≤ 12, x = L/2,
y = 0 against the form suggested by Eq. (10) for that
ase, i.e. m2j+1 ∼ L−η 2j+1 ; and (ii) took pure-system
data at ritiality, from the same grid of z− values used
at the NP, and extrated the orresponding estimates of
η 2j+1 from z− ts. The results of (i) and (ii) are shown
respetively in the seond and third olumns of Table I.
From the analysis of pure-system data in Table I we
onlude that, at least for j = 0 and 1, the intrinsi
inauray of z−ts does not signiantly ompromise
our nal results. For these same values of j, we also nd
greater internal onsisteny between z− t and L = 4−12
estimates at the CNP. This signals that nite-width ef-
fets are essentially subsumed in the expliit L− depen-
dene given in Eq (10), i.e. higher-order nite-size or-
retions presumably do not play a signiant role. Of
ourse, a deisive test of the latter statement would in-
volve e.g. doing z−ts on signiantly wider strips.
For the moment, the data at hand allow us only to
onlude that the onjetured exat loation of the NP, as
given in Refs. 3,4, annot be denitely ruled out. On the
ontrary, if we assume that the numerial values of the
ηi given in Ref. 12 are the most reliable ones at present,
then our results are in fat onsistent with the onjeture.
V. APPROXIMATE SCALING
In order to further understand the properties (so far,
numerially found) of orrelation funtion distributions,
in this setion we introdue an approximate saling trans-
formation whih inorporates the gauge symmetries un-
derlying the NL .
We reall, from real-spae renormalization ideas, the
onept of deimation
28,29,30
: onsidering e.g. a square
lattie, summing upon the degrees of freedom of spins
on a given sublattie will produe a new square lattie
with half as many sites as the original one, and a lat-
tie parameter enlarged by a fator of
√
2. In this on-
text, the appropriate variable is the bond transmissivity
t ≡ tanh(J/T ), whih represents the spin-spin orrela-
tion funtion in a restrited (single-bond) ensemble. For
a point on the NL, the onstraint given in Eq. (2) means
that, with t0 ≡ tanh(J0/T ), the probability distribution
of t is
P(t) = 1
2
(1 + t0) δ(t− t0) + 1
2
(1− t0) δ(t+ t0) . (11)
Denoting by ti, i = 1, 2, 3, 4 the transmissivities of
bonds around a plaquette, the saled transmissivity of
the diagonal (eetive) bond after deimation is
29,30
t′ =
t1t2 + t3t4
1 + t1t2t3t4
. (12)
We investigate how the distribution funtion of saled
transmissivities, P(t′), evolves under suessive resal-
ings via Eq. (12), given that the original distribution
obeys Eq. (11).
We rst prove that the distributions generated by iter-
ation of Eq. (12) obey the NL symmetry given in Eq. (3),
i.e. the NL is an invariant subspae of the transformation
Eq. (12). The proof is by indution, as follows.
(i) Diret examination of Eq. (11) shows that the mo-
ments m
(0)
j of the original, i.e. zero-th order distribution,
obey
m
(0)
2ℓ+1 ≡
[
t2ℓ+1
](0)
= m
(0)
2ℓ+2 ≡
[
t2ℓ+2
](0)
, (13)
where the upper index (0) attahed to square brakets
denotes average over the distribution Eq. (11).
(ii) Assuming that m
(n)
2ℓ+1 = m
(n)
2ℓ+2, whene[
t2ℓ+1 (1 − t)](n) = 0, where the upper index (n) denotes
averages over the nth order iterated distribution, one
an show that
[
t2ℓ+1 (1− t)](n+1) =
=
[(
t1t2 + t3t4
1 + t1t2t3t4
)2ℓ+1(
1− t1t2 + t3t4
1 + t1t2t3t4
)](n)
≡ 0 (14)
7by expanding the RHS and invoking the statistial inde-
pendene of the variables ti.
In fat, the invariane property just proved is guaran-
teed by Eq. (12), beause the deimated spins are on-
neted to an even number of bonds. Indeed, the gauge
transformation originally introdued for the ±1/2 Ising
spins, in the derivation of the NL
1,6
, ould equally well
have been applied to the transmissivities of the urrent
approah, with the same nal result.
Analytial examination of the evolution of P(t) under
iteration of Eq. (12) shows the following relevant features:
(1) Assuming that the distribution has a non-negligible
weight near t = 0 and making a self-onsistent ansatz, in
whih P(n)(t) ∼ tα(n) , one obtains the xed-point value
α∗ = −1, i.e. P(t) ∼ |t|−1, t→ 0.
(2) Assuming now that the distribution has a non-
negligible weight near t = 1, and making an ansatz in
whih, with δ ≡ 1 − t, Q(n)(δ) = P(n)(1 − t) ∼ δβ(n) ,
one obtains the xed-point value β∗ = −1, i.e. P(t) ∼
(1− t)−1, t→ 1.
The analyti preditions for the exponent values α∗,
β∗ were determined by the limiting forms of Eq. (12) for
small ti or small 1− ti respetively. Of these, the rst is
the less reliable, sine the simple transformation Eq. (12)
aptures less well the key subtle eets needed there, of
removal of order by frustration, than the simpler hara-
teristis of the ferromagneti state involved at small 1−ti.
So we expet (and nd, see below) that the predited α∗
is muh less reliable than the predited β∗.
In order to test the above preditions, one might work
out the iterated distributions diretly from Eq. (12).
This, however, is feasible only for the rst four iterations,
sine the number of distint outomes grows very rapidly
from 2 of Eq. (11) at order zero, respetively to 3, 5, 25,
702 at subsequent orders (the latter gure, for the fourth-
order distribution, reets the binning of 254 = 390, 625
results onto 103 bins of width 2 × 10−3, while no bin-
ning was used for the preeding iterations). The next
step would involve onsidering of order 2 × 1011 opera-
tions, whih might be redued by perhaps one order of
magnitude by onsidering symmetries. The alternative of
onsidering a oarser binning struture (to be kept xed
for iterations of order ≥ 4) was seen to introdue gross
distortions of the symmetry reeted in Eq. (3), thus the
presumptive advantages of exat reursion relations over
the purely numerial tehniques of setion IV would be
lost.
Before setting out to ompare preditions (1) and (2) to
numerially-olleted data on strips, we mention that the
soundness of the resaling sheme an be roughly tested
as follows. Following the usual renormalization-group
ideas, one would expet the NP to be haraterized by
a saling-invariant P∗(t)30. In pratie, one searhes for
equality between the jth moments of themth and nth
order iterated distributions, expeting that the results (i)
do not depend strongly on the hoie of j, and (ii) should
improve as m and/or n grows. Considering m = 0, one
an parametrize the searh for a xed point distribution
Figure 6: Double-logarithmi plot of P (C) lose to C = 0.
Full symbols: C > 0; empty symbols: C < 0 (divided by 1.10,
to redue superposition). Strip widths L = 8 (triangles)), 10
(squares), and 12 (hexagons). For all ases, x = L/2, y = 0.
Straight line orresponds to P (C) ∼ |C|−1/3. Data taken at
the CNP.
Figure 7: Double-logarithmi plot of P (C) lose to C =
1. Strip widths L = 8 (triangles)), 10 (squares), and 12
(hexagons). For all ases, x = L/2, y = 0. Straight line
orresponds to P (C) ∼ (1− C)−1. Data taken at the CNP.
8through the value t0 in Eq. (11): for t0 = t
∗
0, m
(0)
j = m
(n)
j .
In this ontext, realling the invariane of the NL under
Eq. (12) and taking j = 1, we have p∗ = p(t∗0) = 0.9395
and 0.9417, respetively for n = 3 and 4. An ad ho
two-point extrapolation against 1/n gives a non-trivial
limiting value, lim n→∞ p
∗ = 0.959. This is to be om-
pared with the presumed exat p = 0.889972 · · · 3,4. We
onlude that the resaling sheme is qualitatively or-
ret, though its quantitative preditions must be are-
fully srutinized.
We have tested predition (1) above against numerial
data from strips. The results are displayed in Fig. 6.
One an see that, although there are lear signs of a
power-law divergene both below and above C = 0, the
orresponding exponent is ertainly not above 1/3. The
slight asymmetry between data for C > 0 and C < 0
is entirely onsistent with the general property that the
symmetrized distribution P ′(C) is an even funtion. In-
deed, by plotting P ′(C) we get two essentially idential
branhes. Turning now to predition (2), the orrespond-
ing results are displayed in Fig. 7. Now one an see that
the form P (C) ∼ (1−C)−1 indeed aptures the essential
features of behavior.
VI. CONCLUSIONS
Our investigation has probed behavior at the Nishimori
point (NP), where the innite two-dimensional system is
both ritial and subjet to the Nishimori gauge symme-
try. Mounting, but inomplete, evidene has suggested
that random ritial two-dimensional systems share, in
a statistial sense, the onformal invariane of their pure
ounterparts. So it was expeted that at the NP, the or-
relation funtion distributions P (C) on strips would be
the same at all (lattie) points (x, y) on any urve of on-
stant | sinh(π(x + iy)/L) | (see Eq. (10)). Evidene has
been presented in setion IV that this strit form of sta-
tistial onformal invariane indeed applies. This is espe-
ially important here, sine all numerial evidene avail-
able so far, regarding onformal-invariane properties at
the NP, points to values of e.g. the exponents ηi and the
entral harge whih are not obviously assoiated to any
previously known universality lass
11,12,13
. Our data do
not rule out the possibility that the reently-onjetured
loation of the NP, at the intersetion of Eqs. (2) and (4),
is indeed exat.
Among other results are the power-law divergenies of
distributions P (C) near C = 1 and C = 0, whih were
rst identied in the invariant distributions of the simple
saling theory (setion V) and then onrmed by the strip
saling analysis (setion V). Of the respetive power laws
(−1, −1/3) only the rst was orretly predited beause
of the rudeness of the saling transformation, Eq. (12)
(whih nevertheless maintains the gauge symmetry).
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